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Abstract
Slow flow of granular materials, which typically occurs during the emptying of industrial storage hoppers and bins, has great
industrial relevance. In the present study, we have employed our newly developed dilatant double shearing model [H. Zhu, M.M.
Mehrabadi, M. Massoudi, Incorporating the effects of fabric in the dilatant double shearing model for granular materials, Int. J.
Plast. 22 (2006) 628–653] to study the slow flow of a frictional, dense granular material. Although most models pertain only to the
fully developed granular flow, the application of the dilatant double shearing model is shown to be valid from the onset of granular
flow to the fully developed granular flow.
In this paper, we use the finite element program ABAQUS/Explicit to numerically simulate the granular Couette flow and the
frictional granular flow in a silo. For the granular Couette flow, the relative density variation and the velocity profile obtained by
using the dilatant double shearing model are in good quantitative agreement with those obtained from a DEM simulation. For the
frictional flow in a silo, the major principal stress directions are obtained at various time steps after the onset of silo discharge. We
find that, in the hopper zone, the arching of the granular material between the sloping hopper walls is clearly demonstrated by the
change in direction of the major principal stress. We also compare the pressure distribution along the wall before and after the onset
of silo discharge. The numerical results show that the dilatant double shearing model is capable of capturing the essential features
of the frictional granular flow.
c© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
For decades, grains and other agricultural products have been stored in silos, bins, and hoppers. Experiments have
guided different designs and have helped establish codes. An important issue is the characterization of the grains
which, in general, have different shapes and sizes, and rheological properties. Moreover, the amount of moisture
content, electrostatic effects, latent heat, etc., are generally dependent on the type of grain and have prompted
many researchers to study these materials using a fundamental and basic approach. The early studies relied strongly
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on empirical correlations based on experiments. Soon it was recognized that granular materials exhibited certain
characteristics such as yield condition and normal stress effects, which were similar to the non-linear effects observed
in non-linear solids and fluids. These non-linearities create many interesting and challenging mathematical problems
related to the stability and uniqueness of the solutions [2]. The concept of “granular materials” covers the combined
range of granular powders and granular solids with components ranging in size from about 10 µm to 3 mm. A powder
is composed of particles up to 100 µm with further subdivision into ultrafine (0.1–1.0 µm), superfine (1–10 µm), or
granular (10–100 µm) particles. A granular solid consists of materials ranging from about 100 to 3000 µm [3].
Granular materials show both solid and fluid behavior. They are very sensitive to various factors: shape and size
of the particles, wall roughness, flow rate and the coupling with the interstitial fluid, etc. Due to their complexity, it
is evident that modeling granular materials would require a fusion of the ideas from solid and fluid mechanics [4,5].
For example, Reynolds [6,7] observed that for a shearing motion to occur in a bed of closely packed particles, the
bed must expand to increase the volume of voids. He termed this phenomenon “dilatancy”. Many of the existing
theories for flowing granular materials use this observation to relate the applied stress to the volume fraction and the
velocity [8–10]. There are primarily two methods used in the modeling of granular materials namely, the continuum
mechanics approach and the statistical theory approach. In the continuum approach, the granular material is treated
as a continuum, which presumes that the material properties of the ensemble may be represented by continuous
functions, so that the medium may be divided indefinitely without losing any of its defining properties. One of the
early continuum models for flowing granular materials, based on the principles of modern continuum mechanics, was
proposed by Cowin [11,12]. Another approach used in the modeling of granular materials is based on techniques
used in the statistical approach, especially the kinetic theory of gases. Such an approach is, perhaps appropriate for
modeling rapidly flowing granular materials [13,14].
For large particle size (size d > 100 µm) and low interstitial fluid viscosity conditions, granular materials can be
considered as dry and without cohesion. As a result, the granular flow is mainly dictated by the transfer of momentum
and energy dissipation in direct contacts between particles by friction and collision. In slow granular flows, individual
particles interact mainly through the contact surface. Slow granular flows are usually modeled using the basic concepts
of soil mechanics, which are extended and applied to design the industrial storage hoppers and bins [15–20]. The rapid
flow is generally maintained by particle collisions causing the particles to have highly irregular paths; these irregular
motions create fluctuations on all field variables such as velocity, temperature, etc. Ogawa [21] and Ogawa et al. [22],
recognizing the discrete nature of granular materials, defined two different kinds of temperature: One is the usual
temperature associated with the thermal fluctuation of the molecules of each grain, and the other is related to the
“random” translational and rotational fluctuations of the individual grain. This indicates a similarity to the kinetic
theory of gases, and as a result after the publication of these papers many different kinds of kinetic theory of granular
materials have been developed. Although, there is no sharp division between the slow granular flow and the rapid
granular flow in that in reality both phenomena occur, it is expected that in the slow granular flow regime with which
we are concerned in the present study, particles dissipate the major part of their energy by frictional surface sliding
and only a small amount by collision. There are certain flow regimes where the collisions of particles are rare; in the
sense that the flow is so slow and the particles are so densely packed that one cannot assume the basic assumptions in
the kinetic theory are valid [23]. However, certain processes such as fluidized beds present a special challenge: before
the onset of fluidization, the flow regime is perhaps more in the slow deformation range and after fluidization in the
rapid flow range. It is in the rapid flow regime that the kinetic theory approach may be used. Thus, we tend to look at
the kinetic-theory based models as tools which may be appropriate for some cases and irrelevant or not appropriate in
other cases.
Bagnold [24] performed experiments on neutrally buoyant, spherical particles suspended in Newtonian fluids
undergoing shear in coaxial rotating cylinders. He was able to measure the torque and normal stress in the radial
direction for various concentrations of the grains. He distinguished three different regimes of flow behavior, which
he termed macro-viscous, transitional, and grain-inertia. In the so-called “macro-viscous” region, which corresponds
to low shear rates, the shear and normal stresses are linear functions of the velocity gradient. In this region, the
fluid viscosity is the dominant parameter. In the region, called the “grain-inertia region”, the fluid in the interstices
does not play an important role and the dominant effects arise from particle–particle interactions. Here, the shear
and the normal stresses are proportional to the square of the velocity gradient. Connecting the two limiting flow
regimes was Bagnold’s transitional flow, in which the dependence of the stress on shear rate varied from a linear one
corresponding to the macro-viscous regime to a square dependence predicted for the grain-inertia flow regime. The
246 H. Zhu et al. / Computers and Mathematics with Applications 53 (2007) 244–259
interesting phenomenon was the presence of a normal stress proportional to the shear stress, similar to that of the quasi
static behavior of a cohesionless material obeying the Mohr–Coulomb criterion.
Savage [25] indicated that, by a least-square fit to the set of shear-test data that he had obtained, it was possible to
represent the total measured normal stress (or shear stress) at a shear rate du1/dx2 as the sum of two parts.
τtotal = τ(ν)Coulomb + µ(ν)ρσ 2 (du1/dx2)2 . (1.1)
The “dynamic” or “viscous” contribution is assumed to be a result of momentum transfer during collisions between
particles. The rate-independent part is due to dry Coulomb friction and particle overriding during enduring contacts.
The contribution from τ(ν) and µ(ν) are monotonicly increasing functions of ν such that at high concentrations and
low shear rates the frictional part is dominant and at low concentrations and high shear rates the rate-dependent term
prevails. In treating the fully developed flow of granular materials down an inclined plane, Savage [25] assumed that
the kinetic contribution to the stress tensor from diffusion or translation of particles from one shear layer to another is
negligible. He then generalized the above equation to
T = Ts + Tc, (1.2)
where Ts is the quasi-static or rate-independent part and Tc is a collisional momentum flux. He assumed that
Ts = −p01− p0 sinφ D
(1/2trD2)1/2
, (1.3)
where p0 is the mean quasi-static normal stress, φ is the quasi-static angle of friction which in general is a function
of ν, and D is the rate of deformation tensor. For the collisional part of the stress tensor Savage [25] proposed using a
micro-structural theory where
Tc = [k/σ(piθ)1/2 − k/5(2+ α)trD]1− 2k/5(2+ α)D, (1.4)
where
k = 2ν2(1+ e)g0ρpσ(θ/pi)1/2, (1.5)
where g0 is the radial distribution function, σ is the uniform spherical particle diameter, e is the coefficient of
restitution of the particles, and
3θ/2 = 〈C2〉/2, (1.6)
is the fluctuation specific kinetic energy,1 where
C = c− u, (1.7)
and where u = 〈C〉 is the bulk velocity, and α is a numerical coefficient. This method has been used by many
researchers [26,18,19].
Schaeffer [27] has derived a set of differential equations to characterize the slow, frictional flow regime. Tardos [5],
and Tardos et al. [28] who recast some known analytical solutions for slow granular flows in plane wedge hoppers, have
also developed a set of constitutive equations for compressive granular flows. In their approach, a rigid perfect plastic
constitutive model for the granular material is adopted and therefore granular materials are continuously deforming
(yielding). The specific form of the constitutive relation introduced by Schaeffer [27] is a special case of Savage’s
1 The concept of granular temperature has its roots in turbulence modeling, where the ideas of Reynolds result in decomposing the velocity
vector into an average and a fluctuating component. Thus,
u = u+ u′,
where u is the average velocity, and u′ is the fluctuating velocity. One can define a scalar k as a measure of the fluctuation of the flow
k = 1/2(u′ · u′).
Now the granular temperature θ is related to the kinetic energy k through θ = 23 k.
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model [25], i.e., the quasi-static or rate-independent part of the total stress tensor, Ts, is assumed to have the form
given in (1.3). In Schaeffer’s approach [27], the incompressibility condition is applied, i.e.,
divu = 0. (1.8)
It has to be noted that the constitutive model developed by Schaeffer [27] is a rigid plastic model and since the
material is assumed to be continuously flowing (i.e., yielding), this model cannot be used to determine the onset
of flow (yield). In addition, the constitutive equation (1.1) is apparently too simplistic because it contains only one
material parameter φ for characterizing the complex properties of different kinds of granular materials. Recent review
articles [29–37] address many of the interesting issues in the field of granular materials.
In this paper, we employ the dilatant double shearing model [1], which incorporates the effects of elastic
deformation, pressure sensitivity, dilatancy, and hardening/softening response observed in granular materials. We
consider the application of dilatant double shearing model to the slow frictional flow regime in which the main
dissipation mechanism is due to the friction between granular layers. We implement the constitutive model to the
finite element program ABAQUS/Explicit by writing a user material subroutine which allows us to apply this model
to domains with complex geometry. We then use this model to simulate the granular Couette flow between two parallel
plates to verify the validation of our model in predicting the solid volume fraction variation and the velocity profile.
We also study the slow frictional flow in a silo. The results from the numerical simulation show that our model has
the capability to capture the main features of slow flow of granular materials.
2. Governing equations
Although the fluid phase plays an important role in determining the dynamics of dilute suspensions, it does not have
much influence on bulk solids behavior. That is, when the solid phase is dominant, the behavior of the bulk materials,
in general, is governed by interparticle cohesion, friction, and collisions. In some cases the effects of the interactions
between the fluid and solid constituents may be small because the interstitial fluid has relatively small density and
viscosity (e.g., a gas). When the effects or the presence of the fluid phase cannot be ignored, then one has to resort
to multiphase or multicomponent modeling, by considering the interaction mechanisms between the two phases [38].
The balance laws, in the absence of chemical reactions and thermal effects, are the conservation of mass, conservation
of linear momentum, and conservation of angular momentum [39]. Conservation of mass in the Lagrangian form is:
ρo = ρ detF, (2.1)
where ρo is the reference density of the material, ρ is the current density, and F is the deformation gradient which is
given by:
F = ∂χ
∂X
. (2.2)
The conservation of mass in the Eulerian form is given by:
∂ρ
∂t
+ div(ρu) = 0, (2.3)
where ∂
∂t is the partial derivative with respect to time, and u is the velocity vector. The balance of linear momentum is
ρ
Du
Dt
= divT+ ρb, (2.4)
where DDt is the material time derivative, b is the body force, and T is the Cauchy stress tensor. The balance of angular
momentum (in the absence of couple stresses) yields the result that the Cauchy stress is symmetric. The basic and
fundamental question in modeling the granular materials is whether a single constitutive relation for the Cauchy stress
tensor T is sufficient to describe the various flow regimes and geometries.
3. Constitutive equations of dilatant double shearing model
The basic equations of the plane strain dilatant double shearing model [1] for granular materials incorporating
the effects of microstructure and its evolution are considered in this section. In addition to describing the typical
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Fig. 1. Illustration of the two potential slip planes.
dilatant, hardening/softening behavior of granular materials, this model can also capture the anisotropic response and
the complex behavior of granular materials under cyclic shear loading conditions.
Let σ denote the Cauchy stress tensor. Following the usual sign convention of continuum mechanics, the tensile
stress components are taken to be positive. Base vectors eˆ1 and eˆ2 denote the axes of the maximum and minimum
in-plane principal stress directions, respectively. Base vector eˆ3, is in the out of plane principal stress direction.
3.1. Yield condition
Let (s,n) denote a pair of orthonormal unit vectors lying in the (eˆ1, eˆ2)-plane. The unit vector, s, denotes the
tangential direction of a surface element which is perpendicular to the (eˆ1, eˆ2)-plane and the unit vector, n, is in the
direction normal to s. We denote the shear stress and compressive normal stress on the surface element by
τ = s · σn, σ = −n · σn. (3.1)
respectively. Assuming a Mohr–Coulomb yield condition, the shearing resistance is overcome only on those planes
for which the yield function
f = τ − c − µσ (3.2)
where ‘c’ is the cohesion parameter and µ is the friction coefficient, is a maximum. Note that c is taken to be zero
for dry granular materials. It can be shown that for given values of c and µ, there are two directions for which yield
function f is a maximum. These two directions which are potential slip lines are symmetrically situated about the
maximum principal stress direction eˆ1, making an angle pi4 + φ2 with respect to this direction, see Fig. 1. The two
potential slip lines are denoted by:
s1 = cos ξ eˆ1 + sin ξ eˆ2, n1 = sin ξ eˆ1 − cos ξ eˆ2, (3.3)
s2 = cos ξ eˆ1 − sin ξ eˆ2, n2 = sin ξ eˆ1 + cos ξ eˆ2. (3.4)
where
ξ = pi
4
+ φ
2
. (3.5)
Hence the resolved shear stress and compressive normal stress along the two slip lines are:
τα = sα · σnα, σα = −nα · σnα, (α = 1, 2). (3.6)
We can show that
τ ≡ τ 1 = τ 2, σ ≡ σ 1 = σ 2. (3.7)
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3.2. Kinematics
It is assumed that the velocity gradient, L, can be additively decomposed into an elastic and a plastic part, i.e.
L = L∗ + Lp. The elastic velocity gradient is further resolved into an elastic stretching rate D∗ and an elastic spin
W∗ and the plastic velocity gradient is resolved into a symmetric part Dp and a skew symmetric partWp, so that:
D = D∗ + Dp, W = W∗ +Wp. (3.8)
As discussed in the previous section, there are two potential slip lines, which are symmetrically disposed about the
maximum principal stress direction. According to the kinematic hypothesis of double shearing model, the plastic flow
consists of dilatant shearing over the two active slip lines with shearing rates, γ˙ α (α = 1, 2), and shearing induced
dilation rates, δ˙α (α = 1, 2), in the direction normal to the shearing directions where
β = δ˙
α
γ˙ α
, (α = 1, 2). (3.9)
For the dilatant double shearing model described above, the plastic velocity gradient is represented by:
Lp =
2∑
α=1
γ˙ αsα ⊗ nα + δ˙αnα ⊗ nα. (3.10)
Hence,
Dp = 1/2
(
Lp + LpT
)
=
2∑
α=1
γ˙ αpα, (3.11)
Wp = 1/2
(
Lp − LpT
)
=
2∑
α=1
γ˙ αωα. (3.12)
where
pα = 1/2(sα ⊗ nα + nα ⊗ sα)+ β(nα ⊗ nα), (3.13)
ωα = 1/2(sα ⊗ nα − nα ⊗ sα), (α = 1, 2). (3.14)
Substituting (3.3) and (3.4) into (3.11) and (3.12), the plastic stretching and spin may be written as:
Dp =
(
γ˙ 1 + γ˙ 2
) (
1/2 sin 2ξ + β sin2 ξ
)
eˆ1 ⊗ eˆ1 +
(
γ˙ 1 + γ˙ 2
) (
−1/2 sin 2ξ + β cos2 ξ
)
eˆ2 ⊗ eˆ2
+ 1/2
(
γ˙ 2 − γ˙ 1
)
(cos 2ξ + β sin 2ξ) (eˆ1 ⊗ eˆ2 + eˆ2 ⊗ eˆ1) . (3.15)
Wp = 1/2
(
γ˙ 2 − γ˙ 1
) (
eˆ1 ⊗ eˆ2 − eˆ2 ⊗ eˆ1
)
. (3.16)
3.3. Evolution of the fabric
We would like to integrate the effects of the fabric into the constitutive equations. We denote the fabric by a second-
rank tensor, 8, and employ a distribution density function of the unit contact normals, A(m), which is represented
by
A(m) = 1
2pi
m ·8m (3.17)
or
A(m) = N
2piN0
{1+ d cos [2 (θ − θ0)]} , (3.18)
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where N0 and N are the total number of contacts at the initial and the present configurations, respectively; the unit
vectorm is defined bym = (cos θ, sin θ), the positive parameter ‘d’ defines the degree of anisotropy of the fabric and
the angle θ0 denotes the direction of maximum density of contact normals. Following [1], we assume an evolution
equation for the fabric tensor as:
∇
8 = Λ (D∗8+8D∗) , (3.19)
where
∇
8 = 8˙−W∗8+8W∗, (3.20)
is the co-rotational rate of the fabric tensor with respect to the elastic spin, and Λ is a material constant.
3.4. Stress-rate and strain-rate relation including fabric
The fourth-order elasticity tensor C defines the relationship between stress rate and elastic stretching according to:
∇
σ = C : D∗, (3.21)
where
∇
σ = σ˙−W∗σ+ σW∗ (3.22)
denotes the corotational time derivative of Cauchy stress with respect to the elastic spin.
As discussed in Zhu et al. [1], we consider an orthotropic elasticity tensor for granular materials with symmetry of
orthotropy defined by the principal axes of the fabric tensor and the components of the elasticity tensor dependent on
the invariants of the fabric tensor. Specifically, we assume an elastic compliance matrix for the two dimensional plane
strain problems:
1/E1 −ν/E −ν/E 0
−ν/E 1/E2 −ν/E 0
−ν/E −ν/E 1/E 0
0 0 0 1/G12
 , (3.23)
where E and ν are the Young’s modulus and the Poisson’s ratio under isotropic condition, respectively. Hence, the
relationship between elastic rate of deformation and the co-rotational stress rate is written as:

D∗11
D∗22
0
2D∗12
 =

1/E1 −ν/E −ν/E 0
−ν/E 1/E2 −ν/E 0
−ν/E −ν/E 1/E 0
0 0 0 1/G12


∇
σ11
∇
σ22
∇
σ33
∇
σ12
 . (3.24)
Following Zhu et al. [1], we propose a fabric related function for E1, E2:
Ei = ri + a1+ a E, (i = 1, 2), (3.25)
where ri (i = 1, 2) is the i th principal value of the fabric tensor 8, ‘a’ is a material parameter. For shear modulus,
G12, we assume:
G12 = r12 + a1+ a
E
2(1+ ν) , (3.26)
where r12 = n·8n, and n = 1√2 (−1, 1). From (3.25) and (3.26) we can see that the elastic compliance tensor becomes
an isotropic elastic compliance tensor if the fabric tensor,8, tends to a unit tensor. By taking the inverse of (3.24), we
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obtain:
∇
σ11
∇
σ22
∇
σ33
∇
σ12
 = E∆

1/t2 − ν2 ν + ν2 ν/t2 + ν2 0
ν + ν2 1/t1 − ν2 ν/t1 + ν2 0
ν/t2 + ν2 ν/t1 + ν2 1− ν2 0
0 0 0
t12∆
1+ ν


D∗11
D∗22
0
D∗12
 (3.27)
where
∆ =
(
1/t1 − ν2
) (
1/t2 − ν2
)
− ν2 (1+ ν)2 , (3.28)
and
ti = ri + a1+ a , (i = 1, 2). (3.29)
t12 = r12 + a1+ a . (3.30)
Note that the components of the elasticity tensor, stress rate and elastic rate of deformation are all defined in a
coordinate system with base vectors given by the principal directions of the fabric tensor.
3.5. Evolution equations for the material parameters
Following Anand and Gu’s approach [40], and considering the effect of the fabric on the hardening parameters
along the two slip lines, the evolution of the material parameters, the internal friction coefficient, µ, the dilatancy
parameter, β, and the solid volume fraction, η, are modeled in this section.
Friction coefficient
Since we consider shear stress and compressive normal stress along the two slip lines to be equal, the
Mohr–Coulomb yield function implies that the friction coefficients along these two slip lines are equal. The friction
coefficient is therefore assumed to be:
µ˙ = H1γ˙ 1 = H2γ˙ 2, µ(0) = µ0. (3.31)
Hα = 2pi A(sα)N0
N
h f r
∣∣∣∣(1− µµs
)p∣∣∣∣ sign(1− µµs
)
, (α = 1, 2) (3.32)
where N0 and N are total number of contacts at initial and current configurations, r = 2pi A(eˆ2) is the density of
contact normal in the maximum compressive principal stress direction, h f is a material constant, and A(sα) where
(α = 1, 2), denotes the density of the contact normals in the direction of sα . The material parameter µs is defined by:
µs =
{
µcv + br (η − ηcr)q if η > ηcr
µcv if η < ηcr
(3.33)
where µcv is the friction coefficient in the constant volume state and parameter ‘b’ is a material constant. Generally,
the coupled nature of the evolution equations (3.31)–(3.33) will make the friction coefficient µ approach µcv
asymptotically during the course of continued deformation; specifically, if the initial value of solid volume fraction is
larger than the value of solid volume fraction at the critical state, the friction coefficient will first reach a peak value
then decrease to µcv.
Dilatancy parameter
Since the dilatancy parameter approaches zero when the friction coefficient approaches the critical value of friction
coefficient, i.e. β → 0 as µ → µcv, it is assumed that
β = hd(µ− µcv). (3.34)
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Solid volume fraction
The equation for solid volume fraction comes from the continuity equation and the small elastic deformation
(compared to plastic deformation) observed in granular materials.
η˙ = −ηtrDp, η|t=0 = η0. (3.35)
Note that the equations for the dilatancy parameter (3.34) and the solid volume fraction parameter (3.35) have the
same form as those given by Anand and Gu [40].
3.6. Consistency condition
The shearing rates γ˙ α (α = 1, 2) are restricted such that:
γ˙ α = 0 if f = 0 and f˙ < 0,
γ˙ α > 0 if f = 0 and f˙ = 0, (α = 1, 2) (3.36)
where f is the Mohr–Coulomb yield function defined by (3.2). This consistency condition serves to determine the
shear rates γ˙ α(α = 1, 2) along the two slip lines and it completes the constitutive model.
4. Consideration of the numerical simulation
In general, the cohesionless granular materials are defined only for σ1 ≤ 0, where σ1 is the maximum principal
stress. However in numerical simulations, especially in flow problems, positive stress components may arise. Our
approach is to set the following rule in the beginning of each computational time step:
IF σT3 ≥ 0 THEN σT1 = σT2 = σT3 = 0
ELSEIF σT2 ≥ 0 THEN σT1 = σT2 = 0
ELSEIF σT1 ≥ 0 THEN σT1 = 0
ENDIF
where σT1 , σ
T
2 and σ
T
3 (σ
T
1 ≥ σT2 ≥ σT3 ) are the principal values of the trial stress tensor, which is used in the trial and
return algorithm during the computation.
5. Granular Couette flow between two parallel flat plates
DEM (discrete element method, [41]) has proven to be a powerful tool for direct simulations of the mechanical
behavior of granular materials, and to establish constitutive equations for situations where it is difficult to perform
direct experiments (For a review of computer modeling of granular materials see [42]). Karion and Hunt [43]
conducted a numerical simulation for granular shear flows in a gravity-free Couette geometry where the upper and
lower bounding walls move in opposing directions. For detailed information about the DEM simulation of the granular
coquette flow, see Karion and Hunt [43]. In the present study, we have developed a finite element model which consists
of 500 ABAQUS CPE4R plane-strain elements with a width of 50 mm, a height of 5 mm and a depth of 100 mm
(due to symmetry, we consider the upper half the flow regime only). In this model, a rigid plate is used to model
the upper bounding wall; the surface interaction between the granular specimen and the rigid plate is modeled by
using a Coulomb type friction model with a friction coefficient µw = 0.5. The constitutive model we used is our
newly developed dilatant double shearing model [1]. We have implemented this model in the finite element program
ABAQUS/Explicit by writing a user material subroutine and employed it to perform a computation for granular
Couette flow. The material parameters used for the dilatant double shearing model are chosen (by trial and error) as:
• Elastic moduli: E = 200 MPa, ν = 0.1
• Friction coefficient: µ0 = 0, hµ = 300, p = 1.88µcv = 0.5, ηcr = 0.435, b = 2.35, q = 1
• Dilatant parameter: hβ = 1.5
• Initial solid volume fraction: η0 = 0.65.
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Fig. 2. Schematic plot of the silo geometry.
Fig. 3. Vector plot of the velocity field for granular Couette flow at steady state, prediction by the dilatant double shearing model.
We compare the obtained relative velocity profile and solid fraction distribution at steady state with those from the
DEM simulation [43]. Fig. 3 shows the vector plot of the relative velocity field, Fig. 4 shows the contour plot of the
solid fraction distribution: both plots are obtained at steady state. (Note: we zoom in the flow domain for a clear view)
Figs. 5 and 6 show the comparisons of velocity profiles and solid fraction distribution between DEM simulation and
the prediction by our model respectively. We can see from these figures that the dilatant double shearing constitutive
equations rather nicely capture the two main features (velocity profile and solid fraction distribution) in granular
Couette flow.
6. Granular flow in plane silos
We have conducted a numerical experiment to simulate the granular flow in a silo. The dilatant double shearing
model is not appropriate in the free fall regime since in the free fall regime, the main dissipation mechanism is due
to inter-particle collision instead of friction. Furthermore, the convective acceleration near the outlet is of the same
order as gravity, which make the convective term no longer negligible in the momentum equation. However, in many
industrial silos the output rate is set by a feeder device to a value much less than free fall [27], and consequently, the
convective derivative is negligible and the dilatant double shearing constitutive model is still valid throughout the silo.
In our numerical study, we specify an output rate of about 0.04 (m/s), which is much less than that of free fall so as
to ensure the validity of the constitutive model (the outlet of the silo is modeled as an Eulerian boundary in the finite
element computation so that the materials can flow through it).
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Fig. 4. Contour plot of the relative density for granular Couette flow at steady state, predicted by the dilatant double shearing model.
Fig. 5. Results of the numerical simulation of granular Couette flow: comparison of velocity profiles between DEM simulation and our model
using FEM.
Fig. 6. Results from numerical simulation of granular Couette flow: comparison of solid volume fraction distributions between DEM simulation
and our model using FEM.
The geometry of the silo is described by several parameters as illustrated by Fig. 2, i.e., α = 32◦, H = 12.0 m,
D = 4 m, d = 1.2 m. The material parameters used for the dilatant double shearing model are chosen as:
• Elastic moduli: E = 200 MPa, ν = 0.1
• Friction coefficient: µ0 = 0, hµ = 300, p = 1.88, µcv = 0.577, ηcr = 0.54, b = 2.35, q = 1
• Dilatant parameter: hβ = 1.5
• Initial solid volume fraction: η0 = 0.667.
First we have studied the transition of the principal stress directions on opening of the silo outlet. The major
compressive principal stress directions are nearly vertical in a static filled silo while they are rather horizontal during
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Fig. 7a. Results from numerical simulation of silo flow: distribution of principal stresses and their directions at the end of filling stage.
Fig. 7b. Results from numerical simulation of silo flow: distribution of principal stresses and their directions at t = 0.2 s after discharging.
the silo flow. Therefore when the outlet of a silo is opened and the flow developed, there is a transition for the major
compressive principal stress directions from a vertical direction to a horizontal direction. Such stress transition may
cause failure of the entire silo structure. In the finite element computation, the silo walls are modeled as rigid plates,
and friction coefficient between the silo wall and granular materials takes the value µ = 0.577. Rather than making
assumptions for the initial stress distributions, we allow the stress in the silo to develop from a stress-free state and
reach an equilibrium state under gravity before the opening of the outlet.
Figs. 7a–7c illustrate the major principal stress directions at time 0 s, 0.2 s, and 2.2 s, respectively. At time 0 s, the
major principal stress directions in the hopper make an acute angle with the vertical direction. On the opening of the
outlet, the zone enlarges where the angle of the major principal stress has noticeably changed direction towards the
horizontal indicating that the material is attempting to arch fromwall to wall. The comparison of normal wall pressures
before and after the opening of the outlet of the silo is shown in Fig. 8. The diagram shows pressures normal to the
surface of the silo walls. Thus the pressures, although plotted horizontally, act at a slope to the horizontal direction on
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Fig. 7c. Results from numerical simulation of silo flow: distribution of principal stresses and their directions at t = 2.2 s after discharging.
Fig. 8. Comparison of the normal wall pressure before (t = 0 s) and after discharging (t = 2.2 s).
the hopper part of the silo. From this figure, we can see that the effect of silo outlet opening is significant in the hopper
part of the silo. The opening of the silo outlet causes greater normal wall pressure in the hopper region especially in
the corner part close to the vertical bin. From these results, we may conclude that the dilatant double shearing model
captures the stress distribution in the silo flow. Figs. 9a and 9b illustrate the vector plot of the velocity field at 0.2 s
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Fig. 9a. Results from numerical simulation of silo flow: vector plot of the velocity field at t = 0.2 s after discharging.
Fig. 9b. Results from numerical simulation of silo flow: vector plot of the velocity field at t = 2.2 s after discharging.
and 2.2 s respectively. From these figures we can clearly see the development of the flow zone, and the existence of a
stagnant zone close to the wall.
7. Conclusion
In the present study, the dilatant double shearing constitutive equations are applied to slow frictional granular flows.
The constitutive relations, along with the continuity and momentum equations, yield a complete set of equations
governing the flow of dense frictional granular materials which extends from the onset of discharge to fully developed
flow. A coherent method of solution using the finite element program ABAQUS/Explicit is given as an illustration
for the cases of the granular Couette flow and a silo flow. We use the DEM simulation results of granular Couette
flow by Karion and Hunt [43] to verify the validation of our model in predicting solid fraction variation and the
velocity profiles. We find that by adjusting the material parameters in dilatant double shearing constitutive model, the
predictions of these two models are quite close. Then we study the slow frictional flow in a silo. The major principal
stress directions are shown at various time steps after the onset of flow. In the hopper zone, the arching of the material
between the sloping hopper walls is clearly demonstrated by the change of directions of the major principal stress.
We also compare the normal stress distribution along the wall before and after the onset of flow. The results indicate
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that the dilatant double shearing constitutive model can be used to characterize the slow, frictional flow of granular
materials.
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